
Vladimir Ivannikov
Helmholtz-Zentrum Hereon,

Institute of Metallic Biomaterials,
Department of Powder-based Materials

Development,
Max-Planck-Straße 1,

21502 Geesthacht, Germany
e-mail: vladimir.ivannikov@hereon.de

Mikhail Leontiev
Moscow Aviation Institute,

Department of Engine Design and Engineering,
Volokolamskoe Shosse 4,
125993 Moscow, Russia

e-mail: lemk@alfatran.com

Sergey Degtyarev
Alfa-Tranzit Co. Ltd.,

Leningradskaya Street 1,
141400 Khimki, Russia

e-mail: degs@alfatran.com

Valeriy Popov
Department of Applied Mechanics,

Bauman Moscow State Technical University,
2-nd Baumanskaya Street 5-1,

105005 Moscow, Russia
e-mail: vvpopov@bmstu.ru

Analysis of Radial Roller Bearing
Rating Life in Complex Loading
Conditions
An approach for accurate life analysis of radial roller bearings in complex loading condi-
tions is presented. It employs ISO 16281 and accounts not only for external radial loads
applied to the inner ring but also for (i) internal bearing clearance, (ii) flexibility of the
bearing rings, (iii) rings out-of-roundness, (iv) inertia effects, (v) rolling elements profile,
and (vi) rings misalignment. In the last decades, these factors have been becoming more
and more important for modern high-performance jet engines, whose shafts are commonly
hollow and the housing and the rings thicknesses may be of comparable magnitudes. To
obtain the distribution of internal contact forces, an advanced static model of a bearing
with deformable, potentially misaligned, rings is developed. The bending deformations of
the rings are reproduced superimposing deformed shapes from each of the arising internal
contact force applied individually. Bearing rollers are allowed to have non-cylindrical
profile, and its geometry is approximated by means of slices each having constant diameter.
A robust numerical scheme for solving the resultant set of equations with the aid of the
barrier functions method is constructed. To increase even further the accuracy of rating
life analysis, distributions of the contact stresses between the roller and the ring surfaces,
obtained by solving numerically the problem of non-Hertzian interaction, are added to com-
putations. A numerical benchmark test is presented to demonstrate the applicability of the
developed approach. It shows how the aforementioned factors influence the bearing contact
forces and its rating life. [DOI: 10.1115/1.4051201]
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1 Introduction
When a rolling bearing is being designed for a particular rotating

machine, it is essential to provide reliable assessments of its rating
life. Most of the currently widely approaches aimed to tackle this
issue rely on the life theory of Lundberg and Pamlgren [1,2].
They managed to construct an elegant and beautiful formulation
which resulted in a classical formula for computing the basic
rating life of ball and roller bearings:

L10r =
Cr

Feq

( )d

(1)

where Feq is the equivalent radial force, Cr is the basic dynamic load
rating, and d is the bearing type dependent exponent. Expression (1)
is the core of the life computation procedure of the majority of the
modern standards for analysis of bearings endurance, e.g., ISO 281
[3], ANSI/ABMA 11:2014 [4], and GOST 18855-13 [5]. With the
aid of modification prefactors accounting for load, speed, oil viscos-
ity, material fatigue limit, and content of contamination particles in
the oil, this formula is still able to cover relatively large number of
practical applications. However, the influence of the following
factors remains unaccounted for:

(1) bearing clearance,
(2) flexibility of the bearing rings, housing, and shaft,
(3) rings out-of-roundness,
(4) inertia forces, acting on the rolling elements,
(5) rolling elements profile, and
(6) rings misalignment.

These factors can have a significant effect on maximum values of
contact stresses and their distribution along each individual
rolling element which in turn leads to redistribution of the resulting
forces acting over the rollers.
Harris and Kotzalas [6] and Oswald et al. [7] have shown that

slightly negative clearance increases bearing endurance as more
rollers turn out to be in contact thus reducing the maximum radial
force acting on the most heavily loaded one.
Considering bearing rings, deformations are particularly impor-

tant for modern jet engines whose shafts are commonly hollow
and the housing and the outer ring thicknesses may be of compara-
ble magnitudes. Compliance of such bearing supports should not be
omitted in analysis. Jones and Harris [8], studying planetary gear
bearings (which are usually mounted in thin-walled housings),
observed that excessive flexibility of the rings may reduce
bearing life in default operating conditions, i.e., when the radial
clearance is zero. However, they also demonstrated that as the inter-
nal clearance increases, rating life of bearings with rigid rings drops
significantly faster than if the components were deformable. The
authors found out that the peak rolling element loads occurred in
close angular proximity to the points of load application. If clear-
ance had been increased selectively at these points, maximum
rolling element loads might have been reduced and fatigue life cor-
respondingly could have increased. This gave rise to an idea of
making the inner ring not perfectly circular, and this possibility
was studied by Harris and Broschard [9] for various combinations
of clearance and out-of-roundness intensity. It was shown that care-
fully adjusted ovalization of the ring can improve rating life by
40%. At the same time, such an alteration of the raceway shape
imposes additional requirements on manufacturing accuracy,
since if the geometry parameters of a non-circular ring are out of
the permissible ranges, the bearing endurance can be seriously
compromised.
It was demonstrated by Harris and Kotzalas [6] that another

important factor, inertia acting on the rollers rotating about the
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shaft axis, increases the contact forces at the outer ring raceway. For
small or slowly rotating bearings, this does not have significant
effect, but for high speed ones, it may impact rating life quite sig-
nificantly reducing it by an order of magnitude or even two.
The shape of the rolling element profile also seriously influences

rating life. Such a modification of geometry of rolling elements is
mandatory if bearing operational conditions imply the possibility
of the rings misalignment. Oswald et al. [10] studied several most
common roller profiles concluding that bearings with cylindrical
rolling elements always have higher rating life. However, as also
shown by Harris [11], non-profiled rollers exhibit significantly
faster decrease of rating life once misalignment of the rings occurs.
To bring these factors into consideration for life assessments, the

International Standard ISO 16281 [12] was developed. According
to the approach proposed therein, the basic reference rating life is
computed not from the external loads (radial and/or axial) but
from contact forces arising between the rollers and the rings race-
ways. Of course, the distribution of these forces depends on the
loads applied to the bearing, but this is only one of many other
crucial factors which have been mentioned in the previous para-
graphs. Moreover, for the case of radial roller bearings, ISO
16281 requires not only the resultant contact forces per roller to
be determined but rather with their distributions along each
rolling element. To obtain the results of even higher accuracy,
one may additionally use information about pressures arising in
the contact zones between rollers and raceways.
In the present work, a novel advanced approach for determining

contact forces of a radial roller bearing with deformable rings and
profiled rollers has been developed and combined with ISO
16281 for accurate assessment of rating life. The forces are com-
puted taking into account the values of internal clearance, rotation
speed of the shaft, external radial forces, rolling elements profile,
and rings misalignment. This model is presented in Sec. 2. Its sim-
plified version, which can be used for bearings with cylindrical
rollers only, is also exposed. It serves as a tool for finding a good
initial guess of the unknowns for the full featured bearing model.
The numerical solution procedure is based on the Newton–
Raphson method accompanied by the barrier functions technique
initially designed for nonlinear optimization problems. The rings
deformation is introduced as an arbitrary smooth function of inter-
nal forces which is detailed later in Sec. 3. The computational pro-
cedure of ISO 16281 for radial roller bearings is summarized in Sec.
4. To increase its accuracy, the profile of contact stresses between
the roller and the rings raceways has to be determined. To this
end, the method of Ahmadi et al. [13] for handling non-Hertzian
contact of two elastic bodies has been adopted. Its main concepts
are given in Sec. 5. Section 6 presents a numerical example of anal-
ysis of a radial roller bearing operating on various regimes with dif-
ferent clearances, external radial loads, and shaft rotation speeds.
The influence of rings deformations, misalignment, and
out-of-roundness on the rating life value has been studied.
Section 7 summarizes the results of this work and identifies possible
directions of further development of the proposed approach.

2 Bearing Model
When assessing rating life using ISO 16281, the key and, proba-

bly, the most important step is to find bearing equilibrium and deter-
mine internal contact forces. Most of the existing models of radial
roller bearings which solve this problem omit structural deforma-
tions of rings. The approach of Harris and Kotzalas [6] handles
radial bearings with rigid rings in the absence of misalignment.
Tilting of the inner ring was added in the formulation of de Mul
et al. [14] whereas structural flexibility was still missing. One of
the first attempts to incorporate these deformations in static analysis
of bearings was made by Filetti and Rumbarger [15] who treated the
outer ring as a set of beam elements and used one-dimensional
linear springs for the rollers in contact. This model proved to
have good correlation with experimental data; however, a priori

knowledge about the attachment points of the outer ring signifi-
cantly limits the approach applicability. Moreover, only one of
the rings was considered deformable. The model of Cavallaro
et al. [16], further extended by Leblanc et al. [17], accounts for
deformations of both bearing rings. Distinctly from the previous
formulations, the problem of determination of the rings deforma-
tions was formulated in terms of forces. The model also considered
the centrifugal expansion of rings, the cage rotation, and the lubri-
cant presence. However, only cylindrical rollers were handled by
this approach and rings misalignment was also missing.
The approach presented in this section is aimed to eliminate the

limitations of the aforementioned models and accounts for a larger
set of factors when searching for the bearing equilibrium. A novel
procedure based on the barrier functions method is specifically
designed to ensure robustness of numerical solution of the govern-
ing equations.

2.1 Bearing Parameters. The geometry of the bearing cross
section is depicted in Fig. 1. Subscripts “e” and “i” refer quantities
related to the outer and inner rings, respectively. A special index a=
{e, i} which stands for either of the rings will denote a quantity or an
expression that holds for both of them. Parameters Rs, Rh, and Ba are
optional and required only for analysis with flexible rings. They are
used to compute the ath ring cross-sectional area Aa, inertia moment
Ia, and radius of the middle surface Rma. In the current work, the
cross sections of the rings are assumed to be rectangular, but they
can be of any other shape—this does not limit the derivations
presented below. Another important remark should be made regard-
ing the term “ring.” Whenever it is further used within the text, the
reader should understand not just the bearing ring itself, but
the assembly of either the ring and the housing (for the outer) or
the ring and the hollow shaft (for the inner).
The bearing has N rollers located at pitch radius Rp having

angular distance θ= 2π/N between each other. A roller’s geometry
is defined by its total length L, effective length Leff, and maximum
radius Rb. A rolling element may have a non-cylindrical profile,
which is reproduced approximately using the slicing technique
[14]. The roller in this case is discretized into K cylindrical slices
(or laminae) as shown in Fig. 1. For the kth slice, one should
define its radius bk, width hk, and distance sk between its center
and the roller central section.

Fig. 1 Basic geometry parameters of the bearing and the slicing
model of the roller
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2.2 Bearing Equilibrium. Consider a bearing as an element
with two nodes Oi and Oe attached to the centers of the inner and
outer rings, respectively, see Fig. 2. Node Oe is fixed and has the
global Cartesian system x, y, z defined. Subject to external forces

F = Fx Fy Mx My
[ ]T

(2)

the inner ring undergoes small displacements and rotations

y = ux uy ϑx ϑy
[ ]T

(3)

with respect to node Oe. The model is not able to carry axial
loading, so the component uz is omitted.
Radial displacement urj and angular rotation ϑtj of the inner ring

in the local coordinate system of the jth rolling element with angular
position ψj= ( j− 1)θ can be determined as

yj = urj ϑtj
[ ]T = Sjy (4)

where

Sj =
cosψ j sinψ j 0 0
0 0 −sinψ j cosψ j

[ ]
(5)

Radial force Qij and moment Tij arise between the ring raceway and
the roller. The equilibrium equation of the entire bearing can then be
written as

F +
∑N
j=1

STj Fj = 0 (6)

where the local roller’s force vector has been introduced

Fj = Qij Tij
[ ]T

(7)

2.3 Roller Equilibrium. For the bearing roller compressed
between the two rings, as depicted in Fig. 3, the following geomet-
ric relation holds:

goj + δij + δej + wij + wej − urj − uϑj = 0 (8)

with goj= go/2, where go is the radial bearing clearance at a given
regime; δij and δej are contact interferences of the rolling element
into the raceways of the inner and outer rings, respectively; and
wij and wej are radial deflections of the rings mid-surfaces.
The latter quantities are presently not detailed and can be described
by any continuous and one time differentiable function of radial
forces

waj = waj Qan( ), n = 1, N (9)

It is quite easy to introduce the predefined rings out-of-roundness
[9] into Eq. (8) making goj dependent on the angular position with
the aid of function χ(φ)

goj =
go
2
+ χ φj

( )
(10)

Fig. 2 Bearing coordinate system, inner ring loading, and
degrees-of-freedom

Fig. 3 Deformed configuration of the jth roller

Fig. 4 Out-of-roundness of a bearing ring: (a) two lobes and (b) three lobes
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Normally, the geometry modification is introduced on a raceway of
only one of the rings. Figure 4 shows two- and three-lobes
out-of-roundness options which can be described by

χ φ
( )

=
χo
2
cos α φ + φo

( )
(11)

where α is the number of lobes and

χo = 2 Rmamax − Rmamin( ) (12)

is the out-of-roundness magnitude.
Kinematic relation (8) also contains a small additional compo-

nent uϑj appearing due to the vertical deflection of the reference
point used for the evaluation of compression of the central slice
of the jth rolling element. Figure 5 shows how, when rotated at
an angle ϑtj, the inner ring’s point W moves to position W′ and
the central section of the roller is additionally compressed by

uϑj = OiV − OiW = Rp − Rb

( ) 1
cos ϑtj

− 1

( )
(13)

To perform computations accounting for the rings misalignment,
the rolling element (even cylindrical) has to be divided into small
laminae as shown in Fig. 1. The contact force qajk acting onto the
kth slice of the jth roller from the contact surface of the ath ring
can then be treated as Hertzian and thus described by the following
expression [18,19]:

qajk = Cahkδ
n
ajk with n =

10
9

(14)

The compression of the kth slice is computed as

δajk = δaj − Rb + bk + ϕajsk (15)

where the misalignment angles of the roller with respect to each of
the rings are given by

ϕij = ϑtj − ϕj (16a)

ϕej = ϕj (16b)

Contact stiffness coefficient Ca depends on the materials proper-
ties. If rollers and rings are manufactured of the same material with

Young’s modulus E and Poisson’s ratio ν, it is possible to write [19]

Ca =
πELeff

1 − ν2
( )

7.358Leff( )n (17)

The resultant force acting from the jth roller onto the ath raceway
can then be computed as

Qaj =
∑K
k=1

qajk (18)

If misalignment angle ϑtj ≠ 0, the forces distribution along the roller
j is not symmetric and generates moment

Taj =
∑K
k=1

qajks jk (19)

From Eq. (19), it is apparent why even a cylindrical roller has to be
divided into at least two slices, otherwise Taj≡ 0. The roller equilib-
rium is therefore described by

Qej = Qij + Fc with Fc = mω2
r Rp (20a)

Tej = Tij (20b)

{

where m is the roller mass and ωr is its rotation speed about the
central axis of the bearing.

2.4 Solution of the System of Nonlinear Equations. Expres-
sions (6), (8), and (20) render the system of nonlinear equations
with 3N+ 4 unknowns: ux, uy, ϑx, ϑy, δij, δej, ϕj, which can be
merged into a single state vector

d = δij δej ϕ j ux uy ϑx ϑy
[ ]T

(21)

The Newton–Raphson method can be applied to solve the system.
To ensure the convergence of the iterative process, it is essential
to fulfill the following 2N constraints naturally arising from the
physics of the problem:

Qij ≥ 0 and Qej ≥ 0 (22)

Recalling Eqs. (14) and (18), constraints (22) can be replaced with

δmax
ij = max

k=1,K
δijk ≥ 0 (23a)

δmax
ej = max

k=1,K
δejk ≥ 0 (23b)

Note that requiring δaj≥ 0 is incorrect for meeting Eq. (22) since
even if δaj < 0 one may obtain Qaj≥ 0 due to the presence of the
rings misalignment angle, see Fig. 6. For additional stabilization
of the iterative procedure, we also require that

ux signFx ≥ 0 (24a)

Fig. 5 Additional compression of the roller’s center section due
to the inner ring tilt

Fig. 6 Contact detection for the jth roller
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uy signFy ≥ 0 (24b)

ϑx signMx ≥ 0 (24c)

ϑy signMy ≥ 0 (24d)

To incorporate restrictions (24) into the solution algorithm, the
method of logarithmic barrier functions is applied. This is a
common tool [20] for handling a nonlinear optimization problem
with J inequality constraints

min F (x)

subject to Hj(x) ≥ Bj for j = 1, . . . , J
(25)

which, assuming F (x) and Hj(x) are all convex and twice differen-
tiable functions, is equivalent to solving the following:

min G(x) = F (x) − μ
∑J
j=1

ln −Hj(x)
( )

(26)

As barrier height μ→ 0, the closer G(x) gets to the original function
F (x). Since the energy functional never appeared in the explicit
form in the derivations above, the constraints (23) are directly incor-
porated into Eqs. (8) and (6) using the derivatives of the logarithmic
barrier function as:

goj + δij + δej + wij + wej − urj − uϑj −
μδ
δij

−
μδ
δej

= 0 (27)

and

F +
∑N
j=1

STj Fj − μFB = 0 (28)

where

B =
signFx

ux

signFy

uy

signMx

ϑx

signMx

ϑy

[ ]T
(29)

The barrier heights μδ and μF should be chosen of different orders of
magnitude since Eq. (27) is written for displacements while Eq. (28)
for forces. For this reason, in numerical simulations, one should
choose μF ≫ μδ. It is convenient to define barriers to be dependent
on parameter ε:

μδ = 2−ε (30a)

μF = βμδ (30b)

where β is the scaling factor. The barriers height is then being grad-
ually reduced by incrementing ε from εo to εlim.
To ensure robustness of the iterative scheme for solving the

system emerged from (20), (27), and (28), the initial value do
should be carefully chosen, and for a general case it may be not
straightforward. To assist with this step, a simpler analysis that dis-
regards possible rings misalignment and rolling elements profiling
is initially performed. Expression (18) can be explicitly inverted
and merged with Eq. (14) in this case leading to

δaj =
Q1/n

aj

Ca
(31)

and the original system of equations is replaced then with a simpler
one

goj +
Q1/n

ij

Ci
+

Qij + Fc

( )1/n
Ce

+ wij + wej − urj −
μF
Qij

= 0 (32a)

Fx +
∑N
j=1

Qij cosψ j −
μFsignFx

ux
= 0 (32b)

Fy +
∑N
j=1

Qij sinψ j −
μFsignFy

uy
= 0 (32c)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

where only N+ 2 unknowns are remaining (Qij, ux, uy). This set of
equations is less sensitive to the choice of the initial values of the
unknown quantities and the barriers heights. It is convenient to
choose the following initial guess:

Qij =max Fc, 0.05Fx, 0.05Fy
( )

(33a)
ux = 0.05‖go‖ (33b)
uy = 0.05‖go‖ (33c)

⎧⎨
⎩

The flowchart of the entire numerical process of determining the
internal contact bearing forces is summarized in Fig. 7. For com-
pleteness, the scheme also contains the final two steps in the algo-
rithm of computing the bearing rating life: solution of the
non-Hertzian problem and invocation of the procedure from ISO
16281 [12]. These are further detailed in Secs. 5 and 4, respectively.

3 Rings Deformation
Nothing has been said yet regarding functions (9)—the only sig-

nificant requirement is their continuity. The procedure for comput-
ing wa is detailed herein.
To perform static analysis of a bearing ring subject to a set of

external forces, one has to impose kinematic boundary conditions
to prevent rigid body motions. It may not be straightforward to iden-
tify external kinematic constraints in practical cases. To circumvent
this difficulty, Cavallaro et al. [16] proposed to treat the deformed
shape of the ath ring as superposition of N deformations arising
from each of the radial forces Qan applied individually.
A given deformed shape of the ring emerged from a pointwise

radial force Qan can be decomposed [16,17] into Fourier series as

wan φ
( )

= Qan

∑∞
p=0

λp cos pφ
( )

(34)

where

λ0 =
1
2π

∫π
−π
w φ
( )

dφ for p = 0 (35a)

λp =
1
π

∫π
−π
w φ
( )

cos pφ
( )

dφ for p > 0 (35b)

are physically nothing but compliance coefficients. According to
the superposition principle valid for small deformations, deflection
of the ring’s mid-surface resulting from N radial forces Qan, each
acting at an angle ψn, can be expressed as

w φ
( )

=
∑N
n=1

wan φ
( )

=
∑N
n=1

Qan

∑∞
p=0

λp cos p ψn − φ
( )( )

(36)

Coefficients (35) can be computed analytically, recalling, for
instance, the solution for the ring subject to a pointwise radial
force, applied at an arbitrary point, and equilibrated by tractions dis-
tributed with cosine profile [21] as exposed in Fig. 8

wan φ
( )

= −
QanR3

ma

4πEaIa
χ φ
( )

(37)

where

χ φ
( )

= φ − π
( )

sinφ + πφ −
φ2

2
+
3
4
−
π2

3

( )
cosφ + 2 (38)

Introducing λp = (R3
ma/4πEaIa)ηp, one may write the first five coef-

ficients of the Fourier series expansion for function χ(φ)

η0 = 0, η1 = 0, η2 =
4
9
, η3 =

1
16

, η4 =
4

225
(39)

Solution (37) disregards the kinematic boundary conditions
imposed to the ring by its support that, in real situations, inevitably
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increases stiffness of the structure. Due to this fact, it is recom-
mended to use a 3D model of the support-bearing assembly (of
course, in the case of its availability) to compute λp more precisely.
To this end, the corresponding three-dimensional spatial model is
loaded by a unitary radial force at an arbitrary radial point as
shown in Fig. 8. The obtained radial deflections are then used for
numerical integration of expressions (35).

Representation of the deformed shape of the ring as Eq. (36) has
some disadvantages. First of all, tensile deformations of the ring are
omitted. Furthermore, if the profile of the acting radial forces tends
to the shape of sin or cosine, i.e.,

Q ψ
( )

= Qo + Qb cosψ (40)

Fig. 7 Solution procedure for computing the bearing rating life

031201-6 / Vol. 144, MARCH 2022 Transactions of the ASME



the resultant radial displacements w(φ)→ 0 as, due to orthogonality
of individual members of expansion (34), the following terms enter-
ing (36) vanish:

∑N
j=1

Qo + Qb cosψ j

( )
λp cos p ψ j − φ

( )
= 0 ∀p ≠ N (41)

Since the Fourier coefficients λp→ 0 as p→∞, for large values of
N, term (41) tends to 0 even for p=N. It is apparent that precisely
the same issue arises for the case of equal forces equidistantly dis-
tributed along the ring, i.e., when Qb= 0 and Qo≠ 0 in (40).
This limitation is significant if either inertia forces act onto the

ring or the bearing operates at a negative clearance. For such type
of loading, the bending deformations are negligible while the
tensile ones are of primary importance and can be treated separately
using the analytical solution for the radial deflections of a ring
subject to N identical equidistantly distributed forces [22]

wtension
a =

Qmin
a Rma

EaAaθ
(42)

where

Qmin
a = min

n=1,N
Qan (43)

Combining Eq. (42) with Eq. (36), one obtains the resultant expres-
sion for the deformations of a ring subject to a set of N radial forces:

w φ
( )

=
∑N
n=1

Qan

∑∞
p=0

λp cos p ψ j − φ
( )( )

+
Rma minn=1,N Qan

EaAaθ
(44)

4 Bearing Life
The obtained distribution of the bearing internal forces can be

effectively coupled with life computation methodology proposed
in ISO 16281 [12]. Distinctly from ISO 281 [3], which relies
solely on the values of the external radial and axial loads, the
new standard introduces advanced calculation techniques which
allow to account for bearing operating clearance, inertia effects,
misalignment, roller profile, and rings flexibility.
As with ISO 281 [3], the basic dynamic radial load rating Cr is

computed from the bearing geometry or provided by the manufac-
turer. This is then used to obtain the basic dynamic load ratings for
each of the rings

Qca =
1
λν

Cr

ζaN
1 + 1.038

1 − γ

1 + γ

( )143/108
( )ξa

⎛
⎝

⎞
⎠

2/9

(45)

with λν= 0.83, γ=Rb/Rp, ζi= 0.378, ζe= 0.364, ξi= 9/2, and ξe=
−9/2. Quantities Qca are recomputed per individual lamina as

qcak =
Qca

K7/9
(46)

ISO 16281 introduces specific functions describing stresses con-
centration over the jth roller evaluated for each slice

fajk =
1
qajk

pajk
271

( )2
2Rb 1 ∓ γ

( ) L
K

( )
(47)

where sign “−” is chosen for a= i, and “+” for a= e. Here, pajk is the
maximum value of the pressure acting in the contact zone between
the jth roller and the ath ring raceway for the kth lamina. To
compute pajk, the problem of non-Hertzian interaction has to be
solved. Within the present work, the approach of Ahmadi et al.
[13] has been adopted to tackle it. Its concepts and essential ideas
are summarized in Sec. 5. Once the concentration factors fajk are
available, the dynamic equivalent loads of the kth slice can be deter-
mined with

qdak =
1
N

∑N
j=1

fajkqajk
( )w( )1/w

(48)

Here, w= 4 for the rotating ring and w= 4.5 for the non-rotating
one. Finally, the basic reference rating life can be computed as
follows:

L10r =
∑K
k=1

qcik
qdik

( )−9/2

+
qcek
qdek

( )−9/2
( )( )−8/9

(49)

Fig. 8 A ring subject to a radial force and distributed tangent
tractions

Fig. 9 Contact of two elastic bodies: (a) initial configuration and (b) deformed configuration
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5 Non-Hertzian Contact of Two Elastic Bodies
Let bodies 1 and 2 be initially in contact at point O, such that the

distance between arbitrary points P1o and P2o, having common pro-
jection on the plane Oxy, is predefined via function eo(x, y) as
depicted in Fig. 9(a). Subject to normal force Q, the bodies
deform and interpenetration δ at point O arises. As the result of
their elastic deformations, the contact area Ω is formed within
which the pressure p(x, y) acts, such that [13]

p x, y
( )

≥ 0 x, y
( )

∈ Ω (50a)

p x, y
( )

= 0 x, y
( )

∉ Ω (50b)

According to the Boussinesq solution [23], with the contact pres-
sure p(x, y) applied, the displacement field of the surface of body
l can be computed [24] as

ulz x, y
( )

=
1 − νl
2πGl

∫∫
Ω

p x′, y′
( )

���������������������
x − x′( )2 + y − y′

( )2√ dx′ dy′ (51)

where νl and Gl are Poisson’s ratio and shear modulus, respectively.
The distance between the two points P1 and P2 in the deformed con-
figuration is then given [25] by

e x, y
( )

= eo x, y
( )

+ u1z x, y
( )

+ u2z x, y
( )

− δ (52)

see Fig. 9(b). Contact condition (50) can be rewritten with the aid of
Eq. (52) as

e x, y
( )

= 0, x, y
( )

∈ Ω (53a)

e x, y
( )

≥ 0, x, y
( )

∉ Ω (53b)

The distribution of the contact pressure has to equilibrate the exter-
nal force Q [13,25], i.e.:∫∫

Ω
p x′, y′
( )

dx′ dy′ = Q (54)

Integral equation (52), whose unknowns are p(x, y), δ, andΩ, can
be solved analytically only for the elliptic case and discrete schemes
have to be applied for more complicated contacting objects. Ahmadi
et al. [13] proposed the following simple but efficient numerical
approach to cope with this problem. The computational domain
consisting of finite number of cells has to be constructed such
that its dimensions overestimate the area of the contact region Ω.
Equations (52) and (54) are discretized replacing integration with
summation over the computational domain considering pressure
to be constant within each cell. The rendered system of linear equa-
tions is then solved providing the pressure values at each cell. Some
of them will be negative, then the actual maximum stress will be
overestimated. The cells having p< 0 are removed from computa-
tions and the procedure repeats until all the remaining cells of the
computational domain have pressure p≥ 0 and equilibrium condi-
tion (54) is fulfilled. The detailed description of the entire procedure
can be found in Ref. [13].
The Boussinesq solution (51) is obtained for the half-space situa-

tion [26] while in reality the contacting bodies have finite length and
depth. This requires additional correction of the stress and displace-
ment fields. To this end, the adjustments for the finite length and
depth of the bodies proposed by Reusner [27] and later imple-
mented by de Mul et al. [24] have been integrated in the present
numerical scheme.
For rollers (either cylindrical or profiled), it is convenient to

define function eo(x, y), that describes the initial geometry of the
bodies, as follows:

eo x, y
( )

=
1

2ρ1x
+

1
2ρ2x

( )
x2 +

1
2ρ1y

+
1

2ρ2y

( )
y2 + x tanϕy (55)

where ρ1x, ρ2x, ρ1y, and ρ2y are the main curvature radii of the
contact surfaces depicted in Fig. 10. For instance, if ρ1y= ρ2y=∞
but ρ1x and ρ2x are constant, then one has classical Hertz problem
of contact of two cylinders. Also note that if body 1 models a
rolling element and body 2 a raceway surface, then ρ2x> 0 for the
inner ring and ρ2x < 0 for the outer one. The last term in Eq. (55)
accounts for misalignment between the roller and the ring.

6 Numerical Example
6.1 Bearing Data. Consider the radial roller bearing with pitch

radius Rp= 102.5mm having 32 rolling elements with maximum
radius Rb= 7.5 mm, total length L= 16mm, and effective length
Leff= 14.5mm. The roller has crowned profile with Ls= 6mm
and Rw= 1900mm as shown in Fig. 11. It is divided into 30

Fig. 10 Principle curvatures of the contact surfaces and influ-
ence of the misalignment on the geometry definition

Fig. 11 A roller with crowned profile
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laminae along its effective length omitting the faceted edges. The
inner ring is mounted on a hollow shaft with Rs= 85mm and Bi=
40mm and the outer ring is fitted in a thin-walled housing with
Rh= 240mm and Be= 40mm, see Fig. 1. All components of the
bearing are manufactured of the same material whose elasticity
modulus E= 2 · 105MPa, Poisson’s ratio ν= 0.3, and density ρ=
7850 kg/m3. The dynamic radial load rating Cr= 178,000 N, in
accordance with ISO 281, is obtained from the bearing geometry.

Table 1 The bearing operating regimes

Regime 1 2 3

ω (rpm) 8500 9200 11,000
Fx (N) 5200 6300 7900
Fx/Cr 0.029 0.035 0.044
go (mm) 0.015 −0.007 −0.024

Fig. 12 Radial forces of the bearing for different loading conditions. (a) Rigid rings, no misalignment. (b) Deformable rings, no
misalignment. (c) Rigid rings, misalignment ϑx = 6′. (d ) Deformable rings, misalignment ϑx = 6′. (e) Rigid rings, misalignment
ϑy = 6′. (f ) Deformable rings, misalignment ϑy = 6′.
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The rolling elements are numbered such that the vector of the exter-
nal radial load is directed from roller #1 towards roller #17.
A bearing with such a geometry can be commonly encountered

in, for instance, a modern aircraft turbo engine. Usually the life of
turbojet bearings is analyzed for a set of typical regimes with dif-
ferent radial and axial loads, rotation speeds, and temperatures of
its components (which will define the change of the bearing clear-
ance). For a bearing operating at a given regime s with known
values of the radial force Fx s and the rotation speed of the inner
ring ωs, the rating life L10r s is computed according with
Eq. (49), in millions of revolutions. It is convenient then to
obtain its equivalent in hours

Lhr s =
106

60ωs
L10r s (56)

If the bearing operates at regime s for τs% of the entire operation
time, then the total bearing life Lhr total is calculated [28] as

Fig. 13 Change of the distribution of the radial contact force Qi
for regime 1 along with the barrier height reduction

Table 2 The bearing rating life for different loading conditions
(h)

Deformation Misalignment

Regimes

Total1 2 3

No No 74,714 55,138 758 3609
Yes No 107,324 49,241 10,211 30,734
No ϑx = 6′ 66,527 7417 353 1566
Yes ϑx = 6′ 46,622 22,395 4273 13,232
No ϑy = 6′ 23,753 5764 341 1457
Yes ϑy = 6′ 35,004 16,904 3552 10,586

Fig. 14 Per slice forces along the contact line of roller j=17, rigid rings case. (a) Regime 1,
no misalignment. (b) Regime 1, ϑy = 6′. (c) Regime 2, no misalignment. (d ) Regime 2, ϑy = 6′.
(e) Regime 3, no misalignment. ( f ) Regime 3, ϑy = 6′.
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1
Lhr total

=
∑S
s=1

τs
100Lhr s

(57)

where S is the total number of regimes.
Three different regimes listed in Table 1 are used for the present

analysis. The numbers correspond to the situations of lightly,
heavily, and mildly loaded bearings. The clearances are intention-
ally chosen different to show the influence of this parameter on
bearing endurance and to demonstrate the effect of bearing rings
flexibility: different types of deformations prevail for positive
(regime 1) and negative (regime 3) values of the internal clearance,
and it is also interesting to see the behavior in the case of a nearly
zero clearance (regime 2).
The bearing contact forces were computed according to the flow-

chart plotted in Fig. 7, choosing the following barrier parameters:
εo = −5, εlim = 28, Δε = 0.5, and β= 100; residual relative norm
with tolerance 10−6 was applied as a convergence criteria for the
underlying Newton–Raphson scheme. For numerical solution of
the non-Hertzian problem described in Sec. 5, a rectangular
domain of 0.5 × 14.5mm discretized with a mesh of 24 × 32 cells
was used, see Ref. [13] for details.

6.2 Analysis Without Rings Misalignment. At first, let us
demonstrate how rings flexibility influences the values of contact
forces in the bearing and thus affects its life assessment. Figures
12(a) and 12(b) show the corresponding forces distributions and
Table 2 contains the computed bearing life values. The deforma-
tions of the rings modify qualitatively profiles of the bearing
radial contact forces for the first two regimes, but for the third
regime no changes of this kind have been observed and still sinusoi-
dal curve is obtained. This happens as for regimes 1 and 2 the dom-
inant deformations are related to bending effects, while tensile
strains prevail for the last one. Indeed, if we exclude the bending
term from Eq. (44) and rerun simulation for regime 3, exactly the
same distribution of the internal forces is obtained which is well
explained by Eq. (41).

The bending effects arising in the rings for the first two regimes
tend to bring more rolling elements into contact thus reducing the
magnitude of the radial force acting on the most loaded one. In
the majority of cases, like for regime 1, this increases bearing endur-
ance, unless the distribution of internal radial forces is unusual (for
instance, if out-of-roundness has been introduced on the contact
surface of one of the rings). For the second regime, such rings defor-
mations are obtained that no significant reduction of maximum Qaj

is observed but rather the redistribution of the radial forces results in
a slight lowering of the bearing rating life.
It is also possible to detect in Fig. 12(a) that though the bearing

clearance is negative, not all the rollers are in contact since penetra-
tions of the rolling elements into the rings surfaces in the com-
pressed part of the bearing compensate go< 0.
It is interesting to see the effect of the introduced barrier functions

during computations. Figure 13 shows how the distribution of
contact forces Qi changes for regime 1 converging to the final
result when ε is being gradually increased from 12 to 25 (this is
equivalent to lowering μδ from ≈2 · 10−4mm2 to ≈3 · 10−8mm2).

6.3 Analysis With Rings Misalignment. The effect of rings
misalignment is then studied. To demonstrate its influence on
bearing endurance, the 6′ tilt was alternately defined around axes
x and y of the global coordinate system. In the case of rigid rings,
both ϑx = 6′ and ϑy = 6′ introduce more rollers in contact compar-
ing to the situation when misalignment was absent. The contact
forces are redistributed not only over the rollers but also along
their length increasing the gradient of qajk for those of them most
suffering from the effect of misalignment: for ϑx = 6′ these are
the rolling elements with j= 9 and j= 27 and for ϑy = 6′ with j=
1 and j= 17. The effect is reflected in Fig. 14 which shows quanti-
ties qajk for roller j= 17 in the rigid rings situation in 2 cases: zero
misalignment and when ϑy = 6′. It is clear from Table 2 that when
the inner ring tilts, the bearing rating life drops and for some cases
may drop quite significantly.
One may notice that no significant difference can be seen

between Figs. 12(b), 12(d ), and 12( f ) – the obtained force profiles
are very close to each other. Again this is due to the effect of rings

Fig. 15 Variation of the bearing rating life with respect to the misalignment angle: (a) variation of the rating life Lhr and (b) varia-
tion of the relative rating life Lrel
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flexibility which allows the bearing as a mechanical system to adapt
to external loads so as to achieve an equilibrium position with a
minimum of energy. However, even if the resultant forces look
similar, the distribution of contact loads along each rollers
becomes nonuniform due to rings misalignment (see Fig. 14) that
will again inevitably reduce the bearing rating life.
Table 2 also shows that misalignment ϑx about the axis per-

pendicular to the vector of the external radial load is less dan-
gerous for the bearing than ϑy, which is expected since in the
latter case the highest gradients of qajk appear on the most

loaded rollers. This holds for both rigid and deformable rings
situations.

6.4 Effect of Roller Profile. Let us track now the influence of
misalignment on bearing life in more detail. As working conditions
with positive clearance are more common in practice, regime 1 is
chosen for the present study. A set of parametric computations is
performed varying ϑx and ϑy in range 0′…10′ with increment 1′.
Variation of the rating life is summarized in Fig. 15(a). The plot

Fig. 16 Contact pressure distribution in the outer ring contact zone for roller j=17, rigid rings case. (a) Regime 1, no misalign-
ment. (b) Regime 1, ϑy = 6′. (c) Regime 2, no misalignment. (d ) Regime 2, ϑy = 6′. (e) Regime 3, no misalignment. ( f ) Regime 3,
ϑy = 6′.
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shows that thin deformable rings provide additional flexibility for
optimal rearrangement of the internal contact forces that limits the
drop of Lhr at large tilts—the result that has already been partially
presented in Table 2. Figure 15(b) shows the evolution of the refer-
ence quantity

Lrel =
Lhr with misalignment

Lhr without misalignment
(58)

to present this effect in a clearer comparative manner.
In Fig. 15, one may see that for the case of rigid rings with ϑx

being varied, the bearing life remains almost unchanged until the
ring angular deflection has reached 5′. This happens, thanks to
the rolling elements profiling. Eventually, the use of non-cylindrical
rollers was proposed by engineers exactly for making bearings less
sensitive to possible misalignments. The quantitative results agree
well with the common recommendations [29] for radial roller bear-
ings to operate at misalignment not exceeding 4′.
It is interesting to see in Fig. 15 that if we reduce length of the

straight part of the profiled roller to Ls= 2mm, then the bearing
becomes even less sensitive to misalignment. Moreover, with the
increase of ϑx, the rating life grows (for the rigid rings model) or
at least remains nearly constant (if rings are deformable). Though
it may look surprising, but such a behavior is possible since for a
small angular deflection ϑx the contact zone between certain
rollers and a raceway enlarges that lowers maximum contact stres-
ses thus improving endurance. However, looking at this seemingly
better behavior of the more crowned bearing rollers with Ls= 2mm,
one should pay attention not only to the relative numbers but also to

the absolute ones: in the absence of misalignment, Lhr is three times
lower than when Ls= 6mm.

6.5 Contact Pressures. The replacement of the solution of
non-Hertzian contact problem presented in Sec. 5 with an approxi-
mation introduced in Sec. 2.1 has some innate shortcomings. When
dividing the contact body into laminae, it is assumed that shear
effects between them can be neglected owing to the small magni-
tudes of the contact deformations that develop [30]. One should
also keep in mind that the contact relation described by Eqs. (14)
and (17) was originally derived for crowned rollers of finite
length and then adopted for a single lamina. Given all this, it is rea-
sonable to check plausibility of the slicing approach.
To this end, the distributions of contact stresses for roller j= 17 in

the case of rigid rings were obtained using technique exposed in

Fig. 17 Radial forces of the bearing when the outer ring out-of-roundness is introduced. (a) φo=0, rigid rings. (b) φo= π/2, rigid
rings. (c) φo=0, flexible rings. (d ) φo= π/2, flexible rings.

Table 3 The bearing rating life when the outer ring
out-of-roundness is introduced, flexible rings case (h)

χo φo

Regimes

Total1 2 3

0mm – 107,324 49,241 10,211 30,734
0.520mm 0 91,016 42,170 9120 26,966
0.520mm π/2 117,625 55,150 11,270 34,056
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Sec. 5 and the corresponding surface plots for the outer ring (those
for the inner one are very similar and thus omitted) are presented in
Fig. 16. The obtained pressures paj can be postprocessed to compute
the resultant force acting on the kth slice:

q′ajk =
∫xc
0

∫sk+hk/2
sk−hk/2

paj x, y
( )

dx dy (59)

where xc= 0.5mm is the nominal width of the computational
domain when searching for the actual contact zone. The comparison
of this quantity with qajk in Fig. 14 indicates that the simplification
proposed by de Mul et al. [14] and adopted in the present model is
accurate enough for practical applications. Good correlation
between qajk and qajk′ (in both situations when misalignment is
absent and when ϑy = 6′) also validates Ahmadi’s approach, see
Sec. 5.

6.6 Effect of Out-of-Roundness. Let us show how the bearing
life changes in the case of the two-lobes out-of-roundness of the
outer ring with χo= 0.520mm. Two angular locations φo= 0 and
φo= π/2 of the ellipse principal axis with respect to the external
radial force vector are considered. Analysis with rigid rings for
such geometry modifications is not relevant as it provides
completely incorrect results: see internal forces distributions with
enormous orders of magnitude plotted in Figs. 17(a) and 17(b). Dis-
tinctly from perfectly circular raceways, the geometries with
out-of-roundness cannot be analyzed without incorporating rings
flexibility into the model. The corresponding distributions of the
radial contact forces for the three regimes from Table 1 in the
case of the outer ring out-of-roundness with φo= 0 and φo= π/2
are shown in Figs. 17(c) and 17(d ). Table 3 reveals that when the
ring ovalization axis is perpendicular to the vector of the external
radial force, the bearing rating life is improved by ∼10% at each
of the regimes, while the case φo= 0 lowers the bearing endurance
approximately by the same percentage. The positive influence φo=
π/2 was previously observed by Harris and Broschard [9] when
studying the out-of-roundness of the bearing inner ring of the
support of an idler gear in a planetary transmission.

7 Conclusions
An approach for radial roller bearing life analysis in complex

loading conditions has been presented in the work. The formulation
combines standard ISO 16281 for computation of the rating life
with an advanced radial bearing model for determination of internal
contact forces. This allows one to assess bearing endurance
accounting not only for external radial loads applied to the inner
ring but also for the (i) internal bearing clearance, (ii) rolling ele-
ments profile, (iii) inertia effects and rings, (iv) flexibility, (v)
out-of-roundness, and (vi) misalignment. Conventional approaches
based on ISO 281 can be hardly used for bearing life analysis if
either of these factors becomes essential.
One of the key steps of the approach is computation of the distri-

bution of contact forces over rolling elements of the bearing. To
obtain them, a model of the radial roller bearing with structurally
deformable and possibly misaligned rings has been proposed.
Rings may exhibit bending and tensile deformations. The former
are reproduced superimposing deformed shapes from each of the
arising internal contact force acting individually. In the simplest
case, the bending flexibility of a ring can be estimated from the
existing analytical solution of the problem about the ring subject
to a radial force equilibrated by distributed tractions. For more
precise computations, the flexibility coefficients can be obtained
by performing static analysis of the 3D model of the support-
bearing assembly. Tensile strain is captured using the analytical
solution for the ring subject to a large number of equidistantly dis-
tributed radial forces of the same magnitude. The presented bench-
mark test has shown sufficiency of this decomposition for practical
applications.

The Newton–Raphson method, if applied directly to the resultant
set of nonlinear equations, does not render immediately a stable
numerical scheme since the constraints, which have to be fulfilled
by the unknowns (the contact penetrations and forces cannot be
negative), may become easily violated along the iterations. To sta-
bilize the solution process and improve its convergence, the barrier
functions technique, commonly used in nonlinear optimization
problems, has been successfully adopted. According to this
method, the inequality constraints are directly incorporated into
the governing equations via logarithmic barriers. The obtained
system is then solved multiple times constantly reducing the barriers
heights that diminishes their influence on the contact forces
distribution.
According to ISO 16281, to improve even further accuracy of

rating life analysis, the distribution of contact stresses arising
between a roller and a ring raceway and its possible concentration
should be used in computations. A well-established numerical
approach for solving non-Hertzian contact problems proposed by
Ahmadi et al. [13] has been implemented in the present work to
handle this step. This technique was also used to confirm the valid-
ity of the slicing approximation of the profiled roller geometry used
in the bearing model for computation of contact forces along each
rolling element.
The developed approach has been applied to a radial roller

bearing of the geometry close to that what is presently used in
industry for modern jet engines. The bearing rating life was com-
puted for three regimes having different clearances, rotation
speeds of the inner ring, and external radial loads. It was shown
how the combination of these factors influences the distribution
of contact forces. Thanks to the rings flexibility, a more optimal dis-
tribution of contact stresses can be achieved, that improves bearing
endurance at a given regime. It was also demonstrated how mis-
alignment of the rings and its orientation with respect to the
vector of the external radial load may change the distribution of
internal forces. It was exposed that structural deformations of the
rings lower the negative effect of misalignment.
Effect of rolling elements profile on the rating life has been also

studied. The proposed approach perfectly captures the well-known
aspect of rollers profiling: more crowned rolling elements deliver
lower bearing endurance in conditions when misalignment is
absent but they are much less sensitive to its appearance in compar-
ison to cylindrical ones (regardless of whether rings are considered
rigid or flexible).
On the whole, the developed approach allows engineers to

perform accurate life assessments of radial roller bearings operating
in complex conditions. Currently, axial loading is omitted but it is
tempting to see how the model performs for tapered roller bearings.
The proposed approach also omits the presence of the cage, which
in practice may influence the distribution of the internal bearing
forces [31]. Given that its rotation speed will be involved in compu-
tations in this case, it becomes essential to account for lubrication.
The rotation speed of the cage can no longer be computed from pure
kinematics in the presence of lubricant and one has to consider
the arising sliding of Hertzian contacts, which additionally leads
to appearance of friction forces in the contact zones between the
rollers and raceways [32]. Lubrication also alters the profile of
the contact pressure between the rollers and the rings [33]. The
authors intend to incorporate these factors into the model in the
future. Extension of the model to ball bearings is another naturally
coming possibility for its further development.
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Nomenclature
Scalars

b = radius of a slice, mm
d = bearing type dependent exponent for computing the

rating life
e = distance between the contacting bodies, mm
f = stress concentration function
h = width of a slice, mm
m = rolling element mass, kg
n = exponent of the contact relation
p = contact pressure, MPa
q = contact force acting on a slice, N
r = local radial axis of a roller
s = coordinate of the central section of a slice, mm
t = local tangential axis of a roller
u = displacement of the inner ring, mm
w = radial deflection of the ring mid-surface, mm
A = ring cross-sectional area, mm2

B = width of the cross section of an assembly of a ring and a
housing/shaft, mm

C = contact stiffness, N/mm(n+1)

E = Young’s modulus, MPa
F = external force applied to the inner ring, N
G = shear modulus, MPa
I = ring cross-sectional inertia moment, mm4

J = number of constraints of an optimization problem
K = number of slices
L = total length of a roller, mm
M = external moment applied to the inner ring, Nmm
N = number of roller
O = center of the coordinate system
P = point of an elastic body
Q = radial contact force acting on a rolling element, N
S = number of regimes
T = moment resulting from contact forces acting on a rolling

element, Nmm
V = point indicating additional compression due to the inner

ring rotation
W = point indicating center of the inner ring raceway at the

roller cross section in the initial
configuration

eo = initial distance between the contacting bodies, mm
go = bearing clearance at the regime, mm
qc = basic dynamic load ratings of a slice, N
qd = dynamic equivalent load of a slice, N
uϑ = additional small compression due to the inner ring

rotation, mm
Cr = basic dynamic radial load rating, N
Fc = inertia radial force acting on the bearing rollers, N
Feq = equivalent load, N
Leff = effective length of a roller, mm
Lhr = basic reference rating life, h
Lrel = relative reference rating life, %
Ls = length of the straight part of a crowned roller, mm

L10r = basic reference rating life, in million revolutions
Qb = multiplier of the cosine term of the radial force

expansion, N
Qc = basic dynamic load ratings of a ring, N
Qo = constant term of the radial force expansion, N
Rb = maximum radius of a rolling element, mm
Rc = radius of the contact surface of a ring, mm
Rh = external radius of the housing, mm
Rm = radius of the middle surface of an assembly of a ring and a

housing/shaft, mm
Rp = pitch radius, mm
Rs = internal radius of the shaft, mm
Rw = roller crown radius, mm
W′ = point indicating center of the inner ring raceway at the

roller cross section in the tilted configuration

x, y, z = global Cartesian coordinate system attached to the
bearing outer ring

α = number of lobes for defining the ring out-of-roundness
β = barrier scaling factor, N/mm
γ = bearing geometry parameter
δ = elastic contact penetration, mm
ε = parameter defining barrier height
ζ = ring basic dynamic load rating factor
ϑ = angular misalignment of the inner ring, rad
θ = angular distance between the two neighboring rolling

elements, rad
λ = compliance coefficients, mm/N
μ = height of a general logarithmic barrier function
μF = barrier height for displacements and rotations of the inner

ring, Nmm
μδ = barrier height for contact penetrations, mm2

ν = Poisson’s ratio
ξ = ring basic dynamic load rating exponent
ρ = radius of curvature of an elastic body, mm
τ = percentage of the total operational time for a given

regime, %
φ = angular coordinate, rad
ϕ = angular deflection of a roller, rad
χ = ring out-of-roundness function, mm
χo = out-of-roundness magnitude, mm
ψ = angular position of a rolling element, rad
ω = rotation speed of the inner ring, rpm or rad/s
ωr = rotation speed of a rolling element about the bearing axis,

rpm or rad/s
Ω = contact zone area, mm2

B = scalar value of the inequality constraint of an
optimization problem

F = objective function of an optimization problem
G = augmented objective function of an optimization problem
H = inequality constraint function of an optimization problem

Vector and Matrices

d = state vector
do = initial approximation of the state vector
x = state vector of an optimization problem
y = vector gathering inner ring displacements and rotations
B = matrix of barriers
F = external loads vector
S = transformation matrix

Subscripts

a = inner or outer ring
e = outer ring
i = inner ring
j = rolling element index
k = slice index
l = contacting body index
n = radial force index
p = Fourier series term

r, t = local coordinate system axes of a rolling element
s = regime

x, y, z = global coordinate system axes
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